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Statement of The Problem 



We consider that a school is characterized by: 
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Each meeting lasts on 2 hour (or one period) and involves 
one or more classes, one or more teachers and one or more subjects. 

A set of meetings involving the same elements (i.e. the 
same class(es), teacher(s) and subject (s)) is called a combination . 

A timetable consists then of an allocation of every meeting 
in to a period of the week; in other words it is a partition of 
eft into n subsets where is the subset of all meetings 

occurring at period n^ (or more simply at period k) . This allocation 
has to satisfy certain conditions specified later. 



Problem 1 



Let us first consider a particular case of the timetable 
problem. Suppose that every meeting of & involves exactly one 
teacher and one class c^, and neglect the subjects. 
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We can associate with the set JkL an array A (pxq) with non- 



negative integer entries where is the number of meetings 
referring to class c^ and teacher m ^ . Every combination is now 
characterized by c^> and a^,.; we shall denote a combination by 
(c^ u\y a^_.) or c i“ rr *j* A is usually called the requi r emen t 

matrix . 



If the only restriction to be considered during the construction 

is that no teacher or cl sas is required at two places at once, we can 

solve the problem easily. Let be the total number of meetings involving 

class c. and the nurber of meetings involved teacher m,. So If no teacher 
1 J J 

and no class is involved in more than n meetings, in other words it: 



a 1 < n 1 * It * * * 1 3 

Pj i ti j - 1, . > P 



O) 



then the problem has at least one solution and we can construct a 
timetable. We consider a bipartite multigraph G with vertices 
c v ...» c^; ra^, ...» trip. Every combination c^-tn^ * s represented by 
a^ parallel edges Joining and n^. (or P^) is the degree of 
vertex (or m^) , i.e. the number of edges incident with this 
vertex. 



A subset of meetings which can occur simultaneously ±9 
represented by a matc hing H in G (it is by definition a set H of 
edges such that no two edges of H are adjacent). A timetable consists 
then of a partition of the edges of C into n tr-itcbings 
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The determination of these matchings is a flow problem; more 
precisely it is a sequence of n-1 problems of flow with minimal 



cost 
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Problem II 

In a real school we find many other requirements and ve have 
to take them into account during the preparation of a timetable. 

We first introduce unavailability con strain ts in the previous 
basic model of problem I. Let us suppose that teachers and classes 
are not necessarily free during n periods, but some of them are 
unavailable for certain periods (they may be either absent or involved 
in preassigned meetings). These constraints are described by arrays 
G and D. 



E ■ (e ik* 
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D ■ 'V 
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where (or d^) is 1 if (or m^) is unavailable at period k at 
is 0 otherwise. 



For all i we define the aubset of M as the subset 
containing all teachers who have to meet class and for all j, 
is defined as the subset of all classes having to meet teacher ta 
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>: is said to be consistent if, for ail i and k, d,, = 1 for 

jit 

all j such that c »> e^ « 1; similarly D is consistent if 
for all j and k 13 1 for all i such that e *=> « 1. 



J Jk 



This means that a class has to be considered as unavailable at 
period k if all teachers who are to meet are unavailable at 
period k (and similarly for m^) . In the remainder of the paper we 
shall deal only with consistent arrays E and D. 



As previously, a bipartite mulcigraph G can be associated 
with the timetable problem, but we have nov an additional condition 
on must not include any edge adjacent to vertex c ^ (or tn^) if 

(o\' d is equal to 1. 



Solubility Propositions 



Since teachers and classes play equivalent roles in the 
problem, we shall simply call them elements « Necessary and sufficient 
conditions of solubility for problem II are not obtained as easily 
%s for problem 1. 



Obviously no element must be involved In a number of meetings 
greater than the number of its free periods: 
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Furthermore, it is necessary that for ail combinations 
C i~ m j t ^ ie e ^ eTnents c i an ^ are simultaneously free for a number 
of periods not less than : 



n 

a ii - s 
1J k-1 



(1 - e^) (1 - d^) for all 



(3) 



Simple examples show that conditions (2) anc conditions (3) 
are not sufficient for solubility of problem II. 

(4) 

A third type of condition was used by Gotlieb ; these are 
based on conditions of Hall for the existence of a system of distinct 
representatives^. For all classes and all subsets M of , the 
number of meetings of with the teachers of M must not be greater 
than the number of periods at which and one at least of these 
teachers are simultaneously free: 



n 

t a.. < I 0-e )(\ - * 

y. OjtM 13 k-1 J^eM 



for all MCCMj and for all i. 



Similarly we have for all CCC^ 



n 




and for all j : 



^ — a i1 — 
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(4.1) 



(t,. 2) 



These conditions imply conditions (2) and (3), but generally 
they are only necessary conditions. They are sufficient for a 
problem with only one teacher or one class. 
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We shall see in a following paragraph the meaning of 
conditions (4.1) and (4*2). 

Let us call degree of freedom (DF) of the quantity Mc^ 
defined as Me, « ri - Z e., - a. ; and the DF of m. will be denoted 

1 k lk 1 i 

Mm^ and defined as 



m "j ■ ” • i v - s 



For combination c^-m^, we can a lso define a DF by 



' <l - e ik> (l - d jk> - a ij 



With these definitions, conditions (2) and (3) express that all L»K 
are nonnegative. 

We give now some results concerning the solubility of problem II, 



Proposition 1 A problem with ■ 0 for all combinations c^-m^ 
may not have more than one solution. 



Proof: If it had two distinct solutions there would be at least 



one combination, the meetings of which could be allocated in two 
different ways to a^ periods of the week. This means that the nuabt 
of periods where and m 4 are both free 16 greater than a 41 . This 



J *""" “ij 

combination haa a positive DF; this is in contradiction with N 



U 
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Proposition 2 If » 0 for all combinations then all DF 

of classes and teachers are nonpositive. 
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P roof : let us associate with problem II a bipartite graph G . Its 

vertices arc (fig. l): 



1 1 , ..I) Qi k 1 ) Mi) n 

j = 1> • • • > PJ k = 1, , n 

We call the set k = 1, . . . , n} for i = 1, . q and 

the set k = 1, . n| for j = 1, . .., p. and are 

joined by an edge if there is a combination o^-mj and if both c^ and 
are free at period k. 

(a) Since E and D are consistent, for any period k at which is 
free, at least one teacher in is fres. This implies that there 
is at least one edge adjacent to Cj^ if Cj is free, at period k. 
Similarly one edge at least i? adjacent to Mj^ if mj is free at 
period k. 



(b) Since Njj ** 0 for all mj , there are exactly a jj edges in 

G* Joining vertices of ^ and vertices of (there are exactly ajj 
periods to which meetings of c^-nj csn be allocated). So there are 
exactly a.^ (or 0. ) edge3 adjacent to vortices of (or^j) in G*. 



(c) Suppose now that Mc^ > 0 for some class c^: this means that 
the number (say c* ) of poriods where c^ is free is strictly greater 
than the number of meetings in which c^ is involved. Then (a) 
implies that there should be at least «x > « ^ edges adjacent to 
vertices of And (b) asserts that there are exactly such edges; 




